We define the dual of generalized fuzzy subspaces first. These concepts generalize the dual of fuzzy subspaces. And then we investigate the double dual of generalized fuzzy subspaces.
Introduction and Preliminaries
In fuzzy algebra, fuzzy subspaces are basic concepts. They had been introduced by Katsaras and Liu 1 in 1977 as a generalization of the usual notion of vector spaces. Since then, many results of fuzzy subspaces had been obtained in the literature 1-4 . Moreover, many researches in fuzzy algebra are closely related to fuzzy subspaces, such as fuzzy subalgebras of an associative algebra 5 , fuzzy Lie ideals of a Lie algebra 6 , fuzzy subcoalgebras of a coalgebra 7 . Hence fuzzy subspaces play an important role in fuzzy algebra. In 1996, Abdukhalikov 8 defined the dual of fuzzy subspaces as a generalization of the dual of kvector spaces. This notion was also studied and applied in many branches 2, 7-9 , especially in the fuzzy subcoalgebras 7 and fuzzy bialgebras 9 .
After the introduction of fuzzy sets by Zadeh 10 , there are a number of generalizations of this fundamental concept. So it is natural to study algebraic structures connecting with them. In this paper, we aim our attention at the dual of vector space in intuitionistic fuzzy sets, interval-valued fuzzy sets, and interval-valued intuitionistic fuzzy sets for our further researches.
Interval-Valued Fuzzy Sets
The notion of interval-valued fuzzy sets was first introduced by Zadeh 14 as an extension of fuzzy sets in which the values of the membership degrees are intervals of numbers instead of the numbers.
Definition 1.3. An interval-valued fuzzy set A
A L , A U on a universe X IVFS, for short is a mapping X → Int 0, 1 , where Int 0, 1 stands for the set of all closed subintervals of 0, 1 . The class of all IVFSs on a universe X is denoted by IVFS X .
In 15 the interval-valued fuzzy sets are called grey sets.
and put
In 16 , Deschrijver and Kerre presented that the mapping between the lattices IVFS X and IFS X is an isomorphism. Thus intuitionistic fuzzy sets and interval-valued fuzzy sets are same from mathematical viewpoints.
Similarly, we can define the following. In this paper, intuitionistic fuzzy subspaces, interval-valued fuzzy subspaces and interval-valued intuitionistic fuzzy subspaces are called generalized fuzzy subspaces. In Section 2, we study the dual of generalized fuzzy subspaces. At first, we give the definitions of the dual of generalized fuzzy subspaces, and then discuss their properties and the relationship between them. In Section 3, we investigate the double dual of intuitionistic fuzzy subspaces. Other cases can be investigated similarly. At last a conclusion is presented.
The Dual of Generalized Fuzzy Subspaces
In this paper, V * is denoted the dual space of V , that is, the vector space of all linear maps from V to k. We recall the following. 
then μ * is called the dual of fuzzy subspace μ. Now, we study the dual of generalized fuzzy subspaces.
The Dual of Intuitionistic Fuzzy Subspaces
Let A μ A , ν A be an intuitionistic fuzzy subspace of k-vector space V . Then 0 ≤ μ A x ν A x ≤ 1 for any x ∈ V , which implies 0 ≤ sup x∈V {μ A x } inf x∈V {ν A x } ≤ 1. Hence we give the definition of the dual of intuitionistic fuzzy subspaces as follows. In the end, we give an explain of Definition 2.2 intuitively. This is the idea that the μ A * is defined by ν A and the ν A * is defined by μ A in Definition 2.2. 
The Dual of Interval-Valued Fuzzy Subspaces
A * : V * −→ Int 0, 1 by A * f 1, 1 − sup A x | x ∈ V, f x / 0 if f / 0 1, 1 − inf{A x | x ∈ V } if f 0A * L : V * −→ 0, 1 by A * L f 1 − sup A L x | x ∈ V, f x / 0 if f / 0 1 − inf A L x | x ∈ V if f 0, A * U : V * −→ 0, 1 by A * U f 1 − sup A U x | x ∈ V, f x / 0 if f / 0 1 − inf A U x | x ∈ V if f 0.
2.4
The following theorem indicates that the dual of intuitionistic fuzzy subspaces and the dual of interval-valued fuzzy subspaces are same upon the lattice isomorphism. 
Theorem 2.8. The mapping ϕ : DIVFS
V * → DIFS V * by μ → A is an isomorphism between the lattices DIVFS V * and DIFS V * , where μ μ L , μ U : V * → Int 0, 1 by f → μ L f , μ U f and A μ A , ν A μ A μ U , ν A 1 − μ L .
The Dual of Interval-Valued Intuitionistic Fuzzy Subspaces
M A * : V * −→ Int 0, 1 by M A * f inf N A x | x ∈ V, f x / 0 if f / 0 sup{N A x | x ∈ V } if f 0, N A * : V * −→ Int 0, 1 by N A * f sup M A x | x ∈ V, f x / 0 if f / 0 inf{M A x | x ∈ V } if f 0.{f ∈ V * | M A * f ≥ δ 1 , δ 2 } and L N A * , ξ 1 , ξ 2 {f ∈ V * | N A * f ≤ ξ 1 , ξ 2 } are subspaces of V * for all δ 1 , δ 2 , ξ 1 , ξ 2 ∈ N A * 0 , M A * 0 .∈ R and x ∈ V M A x ⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ a 1 if x 0, k, 0 b 1 if x 0, 0, k c 1 if x 0, 0, 0 d 1 otherwise, N A x ⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ a 2 if x 0, k, 0 b 2 if x 0, 0, k c 2 if x 0, 0, 0 d 2 otherwise,
The Double Dual of Generalized Fuzzy Subspaces
In this section, we mainly study the double dual of intuitionistic fuzzy subspaces. The double dual of interval-valued fuzzy subspaces and the double dual of interval-valued intuitionistic fuzzy subspaces can be investigated similarly. Let V be a k-vector space and V * be the space of all linear maps from V to k. Then V * * V * * is the space of all linear maps from V * to k, which is the double dual space for V . There exists a canonical injection i : V → V * * by i x f f x . If dim V < ∞, then the injection i is an isomorphism.
Let A μ A , ν A be an intuitionistic fuzzy subspace of k-vector space V . Then the intuitionistic fuzzy subspace A * * μ A * * , ν A * * : V * * → 0, 1 is defined by Proof. Let 0 / x ∈ V . Then let Hence for y ∈ V \ {0}, then sup f y / 0 {μ A y } ≥ t 1 . Since x ∈ V \ {0} and f x / 0, we have
On the other hand, let f ∈ S. Then if y ∈ L t 2 , we have f y / 0 and inf y∈L t 2 ,f y / 0 {ν A y } ≤ t 2 ;
if y / ∈ L t 2 , we have f y / 0 and ν A y > t 2 , so inf y∈V \L t 2 ,f y / 0 {ν A y } > t 2 .
Hence for y ∈ V \ {0}, then inf f y / 0 {ν A y } ≤ t 2 . Since x ∈ V \ {0} and f x / 0, we have
So μ A * * i x μ A x and ν A * * i x ν A x . Proof. Follows from Theorems 3.1 and 3.2.
Conclusions
In this paper, we study the contents of the dual of generalized fuzzy subspaces. Generalized fuzzy subspaces, including intuitionistic fuzzy subspaces, interval-valued fuzzy subspaces and interval-valued intuitionistic fuzzy subspaces, are the basic contents for the further study of some algebras 18, 19 . Moreover, many algebras have the dual structures. Therefore it makes sense to investigate the dual of generalized fuzzy subspaces. In the future, we will consider the applications of the dual of generalized fuzzy subspaces in coalgebras and bialgebras.
